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Abstract
We prove that, if a graph G (without multiple edges) has maximum degree d and edge-chromatic number
d + 1, then G contains two distinct vertices x, y and a collection of d pairwise edge-disjoint paths between
x and y. In particular, the line graph of G satisfies Hajós’ conjecture.
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1. Introduction
Hajós conjectured that every graph of chromatic number at least k contains a subdivision
of the complete graph with k vertices. Catlin [2] proved that line graphs of multigraphs do not
always satisfy Hajós’ conjecture. We prove that, if a graph G (without multiple edges) with
maximum degree d has edge-chromatic number d + 1, then G contains two distinct vertices x, y
and a collection of d pairwise edge-disjoint paths each joining x, y. In particular, the line graph
of G satisfies Hajós’ conjecture.
We follow the notation of [1] except that, if the vertex set V (G) of a multigraph G is divided
into sets A,B , then the set of edges between A and B is denoted δ(A), and it is called an edge-
cut. If it has precisely (respectively, at most) k edges, it is called a k-edge-cut (respectively,
( k)-edge-cut). We call A,B the two sides of the cut, and we say that the cut separates every
vertex in A from any vertex in B . If a, b are vertices in G, and k is the size of a smallest edge-cut
δ(A) separating a and b, then Menger’s theorem says that G has k pairwise edge-disjoint paths
connecting a and b.
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Lemma 2.1. Let G be a multigraph. Let v0 be a vertex in G. Let Q be a set of at least two
vertices in G − v0. Let k be a natural number such that any two vertices in Q are separated by
a ( k)-edge-cut in G. Then G contains a ( k)-edge-cut such that one side of the cut contains
precisely one vertex q of Q and the other side contains v0 (and all the vertices of Q \ {q}).
Proof. We prove the lemma by induction on the number of edges of G. Let δ(A) be an edge-cut
of minimum cardinality separating two vertices of Q. Assume that A does not contain v0. If A
contains only one vertex of Q we are done. So assume that A contains at least two vertices of Q.
Let G′ be obtained from G by contracting G − A into a vertex v′0.
We claim that any two vertices q1, q2 of Q ∩ A are separated in G′ by a ( k)-edge-cut. To
prove this, let δ(B) be a ( k)-edge-cut in G separating q1, q2 such that q1 is in B . We may
choose the labelling such that Q \ (A ∪ B) is nonempty. Then δ(A ∪ B) separates two elements
of Q. The choice of A implies that |δ(A)|  |δ(A ∪ B)|. Submodularity (that is, |δ(A ∩ B)| +
|δ(A ∪ B)| |δ(A)| + |δ(B)|) now implies that |δ(A ∩ B)| |δ(B)| k as required.
We now complete the proof by applying the induction hypothesis to G′ with v′0 playing the
role of v0. 
Theorem 2.2. Let G be a graph with maximum degree d and with edge-chromatic number d +1.
Then G contains two distinct vertices x, y and a collection of d pairwise edge-disjoint paths
each joining x, y.
Proof. We prove the theorem by contradiction. Suppose (reductio ad absurdum) that G is a
smallest counterexample. Then G is critical. By a theorem of Vizing, any vertex of G has at
least two neighbors of degree d , see e.g. [3, p. 71]. In particular, G has at least three vertices of
degree d . Let v0 be any vertex of G. Let Q be the vertices in G−v0 of degree d (in G). Menger’s
theorem combined with the assumption that Theorem 2.2 is false implies that any two vertices
of Q are separated by a ( d − 1)-edge-cut in G. By Lemma 2.1, G has a ( d − 1)-edge-cut
δ(A) such that A contains precisely one vertex q which has degree d in G. Let t be the number
of neighbors of q in B = V (G) \ B . Then q has d − t neighbors in A. Any such neighbor u
has at least two neighbors of degree d , by the afore-mentioned theorem of Vizing, mentioned
in [3, p. 71]. Hence there is at least one edge from u to B . So there are at least d − t edges from
A \ {q} to B . But, then there are at least d edges from A to B contradicting the assumption that
δ(A) is a ( d − 1)-edge-cut. This contradiction proves the theorem. 
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